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1 Introduction 



A class of super symmetric gauge theories with tree level superpotentials can be geometrically en- 
gineered from type II A and type IIB string theories by wrapping D-branes over various cycles of 
Calabi-Yau threefolds. See [U El El EJ E] for instance. The quantum Calabi-Yau geometries can be 
studied using the related geometrically engineered gauge theories. Constructing the exact quantum 
geometries associated to product gauge group theories with general tree level superpotentials is a 
highly nontrivial problem. More recently, important connections between matrix models and su- 
persymmetric gauge theories have been found by Dijkgraaf and Vafa. [01 13 El It was also found by 
expansion [7] that the quantum Calabi-Yau geometry that engineers A 2 could be expressed in terms 
of two polynomials. In this note, we will give analytic proof and find these polynomials by solving 
the matrix models for M = 1 supersymmetric A 2 type U (N) x U (N) gauge theories with symmetric 
tree level superpotentials of any degree in the planar limit and thus construct the corresponding 
exact quantum Calabi-Yau geometries. 

First let us start with a general M = 2 supersymmetric Yli U(Ni) gauge theory with link chiral 
superfields Qij and Q 3i = Q\j transforming as (□, □) and (□, □) respectively under U(Ni) x U(Nj) 
and the corresponding matrix model. Consider the tree level superpotential 

W tiee ($,Q) =Y t 8 ij TrQ ij ^ j Q ji + ^2TrW i (^i), (1.1) 

where $j is the scalar chiral superfield associated with U(Ni) and the indices are ordered such that 
Sij = —Sji = 1 with j > i when the i th and j th gauge groups are linked and s^- = otherwise. The 
first term in (jl.lj) comes from the superpotential of M = 2 with bifundamental hypermultiplets. 
The second term is a polynomial in each $j and it will contain quadratic mass terms which break 
TV = 2 down to N — 1. This theory can be geometrically engineered from type IIB string theory 
with D3, D5 and D7 branes wrapped over various cycles of Calabi-Yau threefolds and also from type 
IIA string theory with D6 branes wrapped over Calabi-Yau threefolds. El El HI Ej The partition 
function is defined as 

Z = Y I Wd^WdQ^dQ^e-Ts^^. (1.2) 

i i<3 

and normalized such that in terms of the eigenvalues A^i, • • • , A^j, • • • A^ of it becomes 

Z = j ' Y[d\ itI exp(-S cS ), (1.3) 



with the effective action |H] 

s cS = — w i(hi) ~ 2 Y1 lo sl V - VI + Yl l 5 yl lo slV - x iJ- ( 1A ) 

9 s i,I i,KJ i<j,I,J 

Note that the small letter index % denotes the i th gauge group and the upper letter index I denotes 
eigenvalues. The equations of motion are obtained by minimizing ()1.4|) with Ajj, 

WKKj) - 2g s Y r 1 r + 9s £ |%| r 1 r = 0. (1.5) 



2 



Let us introduce the resolvents, 

N. 



«•(*) = ^Ea^. ( L6 > 

where x is complex. Note that iOj(a;) obey the asymptotic larger x behavior 

Wi(x) - --. (1.7) 
x 

The eignevalues are distributed on the real axis of x. We will consider the case in which the gauge 
symmetry in the low energy theory is unbroken in this note. This corresponds to the case in which 
each set of eignevalues X it i is separately distributed on a single interval [a iy bj\. The equations of 
motion (jl.5j) expressed in terms of the resolvents give 

Si(wi(x + iO) + w,(x - z'O)) - \ s ij\ s i w j( x ) + W-(x) = (1.8) 

3 

for x G [Oj, foj where 

S l = g s N i . (1.9) 

Following Dijkgraaf and Vafa [010 IE], Si will be identified with the glueball superfields defined in 
terms of the gauge chiral superfields W ia associated to the confining SU(Ni) subgroup of U(Ni) as 

Si = -^TrW?W ia . (1.10) 

In the large N limit, the eigenvalues are continuously distributed and each resolvent Wi(x) can 
be written as a sum a regular function Wi r (x) which is a particular solution of (jl.8j) and another 
function Wi S (x) which contains the singular part of Wi(x), 

Wi(x) = w ir (x) + w is (x). (1.11) 

We can think of this as a substitution for Wi(x) in terms of w ir (x) +w is (x) where w ir (x) satisfies the 
regular equation (|1.12J1 below and we will then solve for Wi S (x) such that the asymptotic behavior 
(jl.7j) is satisfied. We will find that Wi S (x) is the singular part of the resolvent. 
Putting (TTTTJ) in IjTBjl and setting 

2S i w ir (x) - \Bij\SjW jr (x) + Wl{x) = 0, (1.12) 

3 

we obtain 

Si(w is (x + iO) + w is (x - iO)) - ^ \sij\SjW ja (x) = 0, (1.13) 

3 

for x in the branch cut [oj, bj\ of Wi S (x). In the large N limit, the eigenvalues become continuous 
and we introduce the eigenvalue densities 

MA) = ^5>( A - A *.')> ( L14 ) 

1 I 



normalized such that J pi(X)dX = 1, and ()1.6|) becomes 



(1.15) 



Once Wi(x) are found, ()1. 15|) can be inverted to determine Pi(X) and 

PiW = + iO) - Wi(A - «0)). 

The multi-matrix planar free energy can be conveniently written as 



(1.16) 



Fo = ~Y, Si / dXfH(X)Wi(X)-^J2C ij S i S j I dX Pl (X)\og\X 



(1.17) 




where = 25ij — \sij\ is the Cartan matrix. We will not do free energy calculations in this note. 
The reason we have added this last paragraph is because we find the free energy given by (|1.17|) 
in terms of single integrals simpler and useful for doing calculations and we have not seen it in the 
literature on multi-matrix models. The derivation is given in Appendix 1X1 

2 Quantum geometries of A<i 

In this section we will explicitly construct the quantum Calabi-Yau geometries associated to M = 1 
super symmetric A 2 type U(N) x U(N) gauge theories obtained by deforming M = 2 with symmetric 
tree level superpotentials of any degree and the gauge symmetry unbroken in the low energy theory. 
In the low energy theory, the U(l) subgroup of each U(N) decouples and the SU(N) subgroup con- 
fines. The most general asymptotically free product gauge theories of the type discussed in Section 
Qfor the confining UiSU(Ni) subgroup with M = 2 supersymmetry and link chiral superfields in 
the bifundamental representation are constrained to be only of A — D — E type Dynkin diagrams. 
See PHI for instance. The reason is that the condition of asymptotic freedom for the z th gauge group 
can be written as (25^ — Ylj^i \ s ij\)Nj > and this results in the constraint that all eigenvalues 
of the connectivity matrix |sy| need to be less that 2 in order for the theory to be asymptotically 
free. Thus (25^ — |sjj|) is the Cartan matrix of A — D — E type Dynkin diagrams and the most 
general asymptotically free such M = 2 product gauge theories with link chiral superfields in the 
bifundamental representation are of A — D — E type. When the eignevalues of the connectivity 
matrix also contain 2, the beta function vanishes and theory is conformal and the diagram is that 
of affine A — D — E type. 

Our interest is Af = 2 supersymmetric A 2 type U (N) x U (N) gauge theory deformed to M = 1 by 
symmetric tree level superpotentials with the gauge symmetry preserved in the low energy theory. 
This corresponds to two separate cuts for the resolvents associated to each gauge group in the 
matrix model. It follows from ()1.16j) that each branch cut is a square root branch cut. The regular 
parts of the resolvents wi r (x) and W2 r {x) are solutions of the following equations which follow from 
(jl.12)) with i,j running over 1,2, 



2S 1 w lr {x) - S 2 w 2r (x) + W[(x) = , 2S 2 w 2r (x) - S^x^x) + W^x) = 0. 



(2.1) 
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The solutions are 

w lr (x) = -±-(2W[(x) + W&xj) , w 2r (x) = -±-(2Wi(x) + W[{x)) (2.2) 

Now the tree level superpotential becomes 

iy tree ($,Q) = Tr Q 12 $ 2 Q 21 - Tr Q 2 i$iQ 12 + TrWi^) + TW 2 ($ 2 ). (2.3) 
The classical equations of motion are 

g 12 $ 2 - $iQi 2 = o, g 21 $! - $ 2 g 2i = o, 

-Q12Q21 + 7: J = 0, g 2 igi2 + ^ 2) = o. (2.4) 

Combining these equations, we can write 

(X - Siw lr )(X + SxWxr - S 2 w 2r ) =0, (X + S 2 w 2r ) = 0, 
(Y - S 2 w 2r ) (Y - S lWlr + .S 2 w 2r ) = 0, (Y + S lWlr ) = 0, (2.5) 

where X = —Q 2 \Q\ 2 — S\W\ r + S 2 w 2r and F = Qi 2 Q 2 \ + SiW\ r — S 2 w 2r . The singular classical 
spectral curve can be written in terms of a complex variable y as 

(y + Siu^ (x))(y - S 2 w 2r (x))(y - Siw lr (x) + S 2 w 2r (x)) = 0. (2.6) 

The corresponding classical Calabi-Yau geometry is the singular threefold, 

uv + (y + Siiu lr (a;))(2/ - S 2 w 2r (x))(y - Siw lr (x) + S* 2 u; 2r (a;)) = 0, (2.7) 

which describes the A 2 fibration over the x plane, where u, v and y are complex coordinates. At 
the quantum level, the classical singularities are resolved and the spectral curve that describes the 
quantum resolution of the geometry is that of the resolved threefold and it should be given by (|2.6J) 
with the classical values of the resolvents replaced by the singular parts of the quantum resolvents, 

(y + Siw u (x)))(y - S 2 w 2s (x))(y - Siw u (z) + S 2 w 2s (x)) 

= (y - S!W lr (x) + SxWxix)))^ + S 2 w 2r (x) - S 2 w 2 (x)) 

(y + Siw lr (x) - S 2 w 2r (x) - SiWi(x) + S 2 w 2 {x)) = 0. (2.8) 



Putting the decomposition given by (jl.ll)) in ()2.8|) and using the classical solution given by ()2.2j) 
gives 

(y + Sxw lr (x))(y - S 2 w 2r {x)){y - Siw lr {x) + S 2 w 2r {x)) - f(x) y - g(x) = 0, (2.9) 

where 

f(x) = Slw u (x) 2 + S 2 w 2s (x) 2 - S 1 S 2 wx s (x)w 2s (x) 

- l -(W[(x? + Wfc) 2 + W[{x)W&x)) (2.10) 



and 

g(x) = S 2 S 2 w ls (x) 2 w 2s (x) - S 1 S 2 wi s (x)w 2s (x) 2 

-±-(2W[(xf - 2W 2 '(x) 3 + 3W{(x) 2 Wi(x) - 3W{{x)W^(x) 2 ) . (2.11) 

The relation between Calabi-Yau geometries and matrix models was first found in (HI IE] and 
the general classical and quantum curves as in the form (|2.fi|) and (J2.9j) in terms of two general 
polynomial functions f(x) and g(x) was given in jjj. These polynomials describe the resolution of 
the singularities in the quantum theory and constructing them for general tree level superpotential 
is a highly nontrivial problem. Here we will construct the exact polynomials f(x) and g(x) that 
describe the quantum resolved geometry for U(N) x U (N) with symmetric tree level superpotentials 
Wi(x) and W 2 (x) = Wi(— x) of any degree with the gauge symmetry preserved in the low energy 
theory. 

The singular parts of the resolvents satisfy (|1.13|) which for the case of U(Ni) x U(N 2 ) becomes 
Si(wis(x + iO) + Wis(x — iO)) — S 2 w 2s (x) =0 forx G [a±, bi] (2-12) 

and 

S 2 (w 2s (x + iO) + w 2s (x - z0)) - SiWi s (x) = iorx G [a 2 , b 2 ]. (2.13) 
The resolvents satisfy two independent equations, one quadratic and the other cubic, 

S 2 w\(x) 2 + S 2 w 2 (x) 2 — SiS 2 wi(x)w 2 (x) + SiW{(x)wi(x) 

+S 2 W'(x)w 2 (x) + h{x) + f 2 {x) = (2.14) 

and 

SlS^xfw^x) - S 1 S 2 w 1 (x)w 2 (x) 2 + Sf Wl (x) 2 W{(x) + S lWl (x)W[(x) 2 + h{x)W[{x) 

- 9l (x) - S 2 2 w 2 (x) 2 W^(x) - S 2 w 2 (x)W^(x) 2 - f 2 (x)Wi(x) + g 2 (x) = 0, (2.15) 

where 

fi(l)E ^M«i (216) 

-'"i j X Ail 

and 

S 1 S 2sr Wj(x) - WjjXu) _ S l S 2 ^ Wj(x) - WKXu) 

91{X) ~ N,N 2 jj (X 1 , I - X 2tJ )(x - Xij) ' 92 [X) ~ N,N 2 jj (A 2)/ - A M )(x - A v ) " ^ <} 

are polynomials. The quadratic equation for the 0(n) matrix model was obtained in fTj and the 
quadratic and cubic equations ()2.14j) and (|2.15jl for the A 2 model were obtained in [121 CHI CH CS| • 

We have also given a derivation in Appendix El The most general independent equations that 
Wis(x) and w 2s (x) satisfy are at most cubic in either wi s (x) and w 2s (x) or their combinations and 
there are three Riemann sheets with one cut for w\ s (x) joining the first and the second sheets and 
a second cut for w 2s (x) joining the second and third sheets. 
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In the large N limit, Wi(x) can be expressed as in (jl.lljl which with (|2.2|) in (j2.14j) and (|2.15j) 

gives 

S 2 w ls (x) 2 + Slw 2s (x) 2 - S 1 S 2 wi s (x)w 2 s(x) = 3p(x) (2.18) 



and 



where 



and 



S 2 S 2 w ls (x) 2 w 2s (x) - SiS 2 w ls (x)w 2s (x) 2 = 2q(x), (2.19) 
P(x) = \{w[{x) 2 + W' 2 + W x {x)'W' 2 (x) - 3h(x) - 3f 2 (x)) (2.20) 



and 



= ^HW[{xf - W&x) 3 ) + ^(W[(x) 2 W^(x) - W{(x)W^xf) 

-\{W[{x)f x {x) - W&x)f 2 {x)) - ((W{(x) - W^(x))p(x) + l -( 9l (x) - g 2 {x)). (2.21) 
Using (|2~TH|l - (j2~^T|l in (j2~TU|l and (l2~TT| we have 

f{x) = 3p(x) - l -(W[(x? + Wi(x) 2 + W[{x)W&x)) (2.22) 

g(x) = 2q(x) - ^{2W[{xf - 2W'(x) 3 + 3W[{x) 2 W! 2 {x) - 3W[{x)W! 2 {x) 2 ) . (2.23) 

Note that p(x) is a polynomial of degree 2ri\ or 2n 2 and q(x) is a polynomial of degree 3ni or 3n 2 
depending on whether ri\ > n 2 or not. Combining ()2.18|) and (|2.19|) gives 

Slw ls (xf - 3p(x)S lWls (x) = -S 3 w 2s {x) 3 + 3p{x)S 2 w 2s {x) = 2q(x), (2.24) 

Our interest is the case in which the two gauge groups are the same and the potentials Wi(x) and 
W 2 (x) have the same degree n + 1 with rt\ = n 2 = n and are symmetric about the origin such that 
W 2 (x) = W\(— x). We will set N\ = N 2 = N from now on and the gauge symmetry is U (N) x U (N) 
and it will be preserved in the low energy theory. Thus we also have S\ = S 2 = g s N = S. This 
corresponds to two separate cuts in wi(x) and w 2 (x) associated to each gauge group in the matrix 
model. We will set up the potentials Wi(x) and W 2 (x) such that the branch cuts of wi(x) and 
w 2 (x) will be symmetrically on the positive and the negative real axis of x respectively and we have 
Xij > and \ 2 j < 0. The equations that Sw\ s (x) and —Sw 2s (x) satisfy are similar to that of the 
0{n) matrix model investigated in ^T] and we will use techniques developed in to solve the 
U(N) x U(N) matrix model. We will impose appropriate boundary conditions that produce the 
desired properties described above. First we start with one of the solutions to the cubic equation 
APS) for w ls (x), 

w ls {x) = ^(e- 2m ' 3 w s+ (x) + e 2 ™/ 3 w s -(z)), (2-25) 

where 

w s ±(x) = (q{x) T VoW^pW) ^ ■ (2-26) 
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It follows from (l2~2"oT) that 

p(x) = w s+ (x)w s _(x), (2.27) 

q(x) = ^(w s+ {x) 3 + w s _{x)^, (2.28) 

and 

^Jq{xf - p(x) 3 = 1 (w s+ (x) 3 - u> s _(x) 3 ) . (2.29) 

The second resolvent w^sC^) also follows as one of the three solutions to the cubic equation in ()2.24|) 
with appropriate boundary conditions to be imposed, 

w 2s (x) = ^ (e-^ 3 w s+ (x) + e™' 3 w s -{x)) . (2.30) 

The third solution to the cubic equation is a linear combination of the two resolvents. 

The square root branch cuts in w\ s (x) and W2 S (x) come from a/ q(x) 2 — p(x) 3 . In order to fulfill 
the constraint that the two branch cuts be symmetric, we need to have a 2 = —b\ and 6 2 = — cti 
so that Wi s (x) will have its branch cut on x G [a, b] and W2 S (x) on x G [—b, —a] with b > a > 0. 
This will be achieved by imposing the following symmetries which are extensions of the symmetries 
imposed in f° r the 0(n) matrix model, 

w s ±(x - iO) = e ±27Ti/3 w ST (x + iO) forx G [a, 6], (2.31) 

w s± (x - iO) = e ±4 ™ /3 w ST (x + iO) forx G [-6, -a] (2.32) 

U7 s+ (x) = w s _(-x). (2.33) 

It then follows from (J2~25|) . (f2~2fij) . (f2~30j) and (|2~33j) that u> 2s (x) = -iwi a (-a;). Note also that 
combining ()2.33|) with ()2.29j) implies that q(0) 2 = p(0) 3 . The main reason for the choice of the 
symmetries ()2.31j) - ()2.33|) on wi s (x) and W2 S {x) given in ()2.25|) and ()2.30|) is that we have for 
x G [a , b] , 

Wi s (x — iO) = ^(w s+ (x + iO) + w s _(x + iO)), w 2s {x — iO) = w 2s {x + zO), (2.34) 
and for a; G [—6, —a], 

w 2s (x - iO) = - — (w s+ (x + iO) + w s -(x + iO)), w ls (x - iO) = w ls (x + iO) . (2.35) 

Thus Wi s (x) has a branch cut across x G [a , b] and no discontinuity across x G [—6, —a]. On the 
other hand, W2 S (x) has a branch cut across x G [—6 , —a] and no branch cut across x G [a , 6]. This 
is exactly what we wanted. 

It follows from (l2~23|) . (I2~37IJ) and (EOHj) that 



w -± (z) = --/= ^r 2 ™/ V s (±x) - e 2m/ V s ( T x)J = (e^'V^ix) - e m/ % 2s ( T x)J . (2.36) 
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The asymptotic behavior of Wi(x) given by ()1.7|) combined with and (|2.36j) gives the asymp- 
totic large x behaviors 

w ± {x) -> T^r, (2.37) 
V3x 

where 

w±(x) = w r ±(x) + w s ±(x) (2.38) 

and w r ±(x) are given by the same expressions given in (J2.36j) for w s ±(x) with iy fs (±x) replaced by 
Wi r (±x). Noting that Sw r ±(x) are independent of S, let us define 

n ±W s « = (2.39) 

It is then convenient to decompose io s ±(a;) as 

w s ±(x) =n ± (x)h ± (x), (2.40) 

with f2±(x) obeying the same boundary conditions 1)2.31)1 - ()2.33)) as w s ±(x) and having the same 
large x asymptotic behaviors given in (j2.37j) for w±(x). Note that because Q±(x) are obtained by 
taking first derivative of Sw s ±(x) which have square root branch cuts, Q±(x) must have simple 
poles at the branch points. Moreover, because Q±(x) obey the boundary conditions given in (|2.31j) 
- (J2.33j) with the asymptotic behaviors given by ()2.37|) . Q + (x)Q-(x) is even in x and with the simple 
poles at ±a and ±6, we can write it in its most general form as 

^'"'T ^S^) ' (2 ' 41) 

where e is a constant and Q + (x)Q-(x) has two zeros at x — ±e. We will choose x = +e to be a 
zero of Q + (x) and x = —e to be a zero of f2_(x). Following [TJ, it is convenient to define functions 
that will simplify our notations, 

_ y/(x 2 - gjg - gj ± |yg - a 2 )(e 2 - gj 
0±W ~~ x 2 - e 2 ' 

The functions Q±(x) that satisfy the above properties can then be written in their most general 
forms as 

Ofcfx) = = ((x 2 - e 2 )(cg T (x) ± cfe)) , (2.43) 

v/(x 2 -a 2 )(x 2 -fe 2 ) V y=FV V 

where c and d are constants. Putting ()2.43|) in (j2.41|) . we obtain 

-^c 2 - c 2 x 2 - d 2 e 2 x 2 - 2-v/(e 2 -a 2 )(e 2 -6 2 )x 2 + d 2 x 4 - -S 6 (x 2 - e 2 ) 2 = 0. (2.44) 

The constants d, c and e are expressed in terms of a and 6 using (|2.44j) at x = oo, and e which 
give 

^3> 3 ' (2 ' 45) 
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s — — . ( 2 - 46 ) 



3^ e - a 2 6 2 /e 

and 

e 4 + 2aV(e 2 -a 2 )(e 2 -6 2 ) - a 2 b 2 = 0, (2.47) 

where the appropriate signs are chosen such that the desired asymptotic behaviors are produced. 

It also follows from ()2.4()j) and the constraint that w s ±(x) and Q±(x) satisfy the same boundary 
conditions that 

h±(x - iO) = h T (x + iO) forx G [a, b] and a; G [-b, -a]. (2.48) 

Thus h + (x) + h-(x) is regular while h + (x) — h-(x) has square root branch cuts across x G [a, b] 
and x G [—b, —a]. Because w±(x) and Q±(x) have the asymptotic behaviors given in ()2.37|) and 
w s ±(x) have the asymptotic behavior ~ x n , h±(x) must have the large x behavior ~ x n+l . We can 
write h±{x) that satisfies these constraints in the most general form as 

h±{x) = ^(x 2 - a 2 ){x 2 - b 2 )(^A{x 2 )g ± {x) ± xB{x 2 )^j , (2.49) 

where A(x 2 ) and B(x 2 ) are even polynomials of degree at most n — 2 and n — 4 respectively if n is 
even and each of degree at most n — 3 if n is odd. We then obtain w s ±(x) using ()2.43j) and ()2.49j) 
with (I2~43|) - (j2~47jl in ^M , 

™ s± (x) = "^((x 2 " e 2 )(^ T W±x)) 1/3 (A(x%(x)±xB(x 2 )), (2.50) 

where A(x 2 ), B(x 2 ) and the constants a, 6 and e are calculated putting (|2.2j) and (|2.50J) in ()2.38|) . 
making use of the asymptotic behaviors ()2.37j) . and using the constraint given by (|2.47jl for any 
given tree level superpotentials Wi(x) and W2(x) symmetric about the origin and the resolvents 
having separate cuts. With the resolvents completely determined in terms of the input parameters 
of the theory, we have solved the matrix model in the planar limit. 

The polynomials p(x) and q(x) follow from ()2.5U|) in (|2.27|) and (|2.28jh see Appendix for more 
details, 

?2 . „2l2 „3 



p( x ) = f( x 2 - ^)A(x 2 ) 2 + {- h ~ -)x 2 A(x 2 )B(x 2 ) - (x 4 - e 2 x 2 )B(x 2 ) 2 ) (2.51) 

3 V C CLU G- / 



and 



q(x) = ^5 3 [((3^-e 3 )x 2 + 2^)A(x 2 ) 3 + 3(2x 4 -(^ + e 2 )x 2 )A(x 2 ) 2 J B(x 2 ) 



+3 f(4 + —)x A - 2abex 2 )A(x 2 )B(x 2 ) 2 + f 2x 6 + {-^- - 3e 2 )x 4 Wx 2 ) 3 l . (2.52) 
\ ab e / V a l b l / J 

With p(x) and g(x) in hand, we have found the explicit forms of the quantum resolution functions 
putting (I23TD . (12321 and Q in gZ2> and 
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The final result for the spectral curve that describes quantum geometry follows from (|2.2|) . (|2.9j) 
- (I2~TT| . (I23T|) and 

(y - \{2W[{x) + iy 2 '(x))(2/ + \{W[{x) + 2W^(x)) 

(y + \{W[{x) - W&x)) - f{x) y - g(x) = 0, (2.53) 
where f(x) and g(x) are given by 

f(x) = S 2 ( (x 2 - °-^)A{x 2 ) 2 + (4 - -)x 2 A(x 2 )B(x 2 ) - (x 4 - e 2 x 2 )B(x 2 ) 2 ) 
\ e 2 ab e / 

-\{W[{xf + W^(x) 2 + W[(x)Wi(x)), (2.54) 

<7(x) = ^S 3 \((3^-e 3 )x 2 + 2^)A(x 2 ) 3 + 3(2x 4 -(^ + e 2 )x 2 )A(x 2 ) 2 B(x 2 ) 
3a/3 LV e e d / \ e 2 / 

+3 f(4 + — )x 4 - 2afeex 2 V(^ 2 )^(^) 2 + (2x 6 + (-^ - 3e 2 )x 4N ) B(x 2 ) 3 
\ ab e / V crcr / 

-— (2W[{x) 3 - 2W! 2 {x) 3 + ZW[{xfW' 2 {x) - 3W[{x)W' 2 [x) 2 ) . (2.55) 

The even polynomials A(x 2 ) and B(x 2 ) and the constants a, b and e in (J2.54)) and (|2.55|) are 
completely determined for any given symmetric tree level superpotentials such that the branch cuts 
of wi(x) and wi (x) are disconnected and on opposite sides of the origin making use of the relation 
given by ()2.47j) and the asymptotic behaviors of w±(x) given by (|2.37|) . 

Let us now apply our results to the simple case of symmetric quadratic potentials, 

Wi(x) = -mx 2 — ax and Wz{x) = -mx 2 + ax (2.56) 

where m and a are constants such that w±(x) and W2(x) have non overlapping branch cuts so that 
the gauge symmetry is unbroken in the low energy theory. The regular parts of the resolvents W\ r {x) 
and W2r(x) follow from (|2.56|) in (|2.2I) . 

Wi r (x) = ~^g{^ mx ~ a )' w 2r (x) = --^(Smx + a^j. (2.57) 

Now ()2.57|) in (|2.36|) with Wi S and w s ± replaced by Wi r and w r ± give 

i 1 

w r ±(x) = ^f—=mx a. (2.58) 

v 3 3 

In this case, the asymptotic behaviors of w±(x) require that B(x 2 ) = and A(x 2 ) = A, where A is 
a constant, which with (l2~5T1|) and (l23%|) in (l2~3%|) give 

% 11/ e 3 x 1 / 3 

w±(x) = T-7=mx - -a - i—=AS((x 2 - e 2 )(— g T (x) ±x)j g±{x). (2.59) 
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Note that there are a total of four unknown parameters A, a, b and e. Demanding that w±(x) in 
(|2.59J1 obey the asymptotic large x limits given by ()2.37|) gives three equations and we have one 
additional constraint among a, b and e given by (J2.47j) . The asymptotic limits ()2.37j) on (j2.59j) give 
the following relations 

m 

A = --, (2.60) 

e = -iy^—ab, (2.61) 

a 



and 

mi a 



. b 2 ) + 4^a 2 b 2 - 6^a 4 6 4 = 2S. (2.62) 
cr cr 

Combining (|2.47|) and (|2.62|) . we obtain a simple expression for the sum of the squares of the 
locations of the branch points, 

S cy 2 

a 2 + b 2 = 18- + 2^r. (2.63) 
m m 2 

Explicit expressions for the locations of the branch points ±a and ±6 and the constant parameter 
e are given in Appendix O The functions f(x) and g(x) that parameterize the quantum resolution 
of the classical Calabi-Yau singularities are also given in Appendix |E| The constants a, b and e 
are all completely determined in terms of the parameters of the theory m, a and S through (jD.3|) . 
(|D.4j) and (|D.5|I . Note also that a, b and e have nice relations. The constants a and b are real for 
real S, m and a as we demanded and the magnitudes of a and b become larger as the critical points 
of the potentials x = ±a/m get further away from the origin. Moreover, e is pure imaginary and 
nonzero for a ^ 0. Our solution describes a theory in which the gauge symmetry in the low energy 
theory is preserved and a/m is such that the two branch cuts, one from wi(x) and the other from 
W2(x) are disconnected with b > a > 0. As the parameters of the theory a, m and S are varied, 
the locations of the branch points move on the real axis of x and this is related to a movement of 
e on the imaginary axis of x. 



3 Conclusion 

In conclusion, matrix models in combination with supersymmetric gauge theories provide very 
powerful tools that allow us to study exact nonperturbative physics for systems involving quite 
general tree level superpotentials where symmetries and holomorphy alone are not enough. On 
the other hand, a class of supersymmetric gauge theories with tree level superpotentials can be 
geometrically engineered in type II A and type IIB string theories by wrapping D-branes over 
various cycles of Calabi-Yau threefolds. The singularities in the classical Calabi-Yau geometry are 
resolved by quantum effects. In this note we have used the combined power of supersymmetry 
and matrix models to construct the exact quantum Calabi-Yau geometries associated to M = 1 
supersymmetric A 2 type U(N) x U(N) gauge theories with quite general symmetric tree level 
polynomial superpotentials of any degree. Even though our interest in this note was the construction 
of the quantum geometries, our exact results could be used to compute the free energies in the planar 
limit and the exact nonperturbative dynamical superpotentials of A 2 . 
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A Multi-matrix free energy integral 

Here we give the derivation of (|1.17|) which gives the multi-matrix planar free energy in terms of 
simple single integrals. First the free energy in the large N limit can be read off from the effective 
action given by (jl.4)) and it is 

= y^; Si [ dXpi(X)Wj{X) - y^Sf J J dXdiipi(X)pi(fi)\og\X- fi\ 

i i 

■ ^2 s 'j S ' S j j J d\diipi(\)pj(p:)\og\\ - y\. (A.l) 

i<j 

Our notation is such that in the planar limit the free energy is related to the partition function 
via Z = e _jr °/^. See (THj for more about our notation. The first two terms come from each cut 
separately while the last term is due to interactions between different sets. Taking the large N limit 
of (jl.5|) and integrating the equation of motion over A gives 

Si J dppi{p)\og\X - p\ = ^Wj(A) + Si J dppj(p) log \p\ + ^ \sjj\Sj J dppj(p) log |A - p\ 

-],y2\ s ij\ s j J d mW°g\v\- (a.2) 

Substituting ()A.2|) for Si J dppi(p)log\X — p\ in the second term of (|A.1|) . remembering that the 
eigenvalue densities are normalized such that j pi(X)dX = 1, and simplifying we obtain 

Fo = \zZ S ij d\ Pi {\)Wi{\) -^Y^CijSiSj J dA#(A)log|A| (A.3) 



1,3 



where Cy = 25ij — \-Sij\ is the Cartan matrix. 



B The quadratic and the cubic equations 

Here we give a derivation of the quadratic and the cubic equations. The equations of motion of the 
eigenvalues for the U(Ni) x U{N2) matrix model are 

-V(A M ) - 2 £ \ + J2 \ \ = 0, (B.l) 

13 



-WZ(A V ) - 2 £ 1 + £ 1 = 0. 
9s A 2) / - A 2 ,j ^ A 2 ,j - Ai,j 



Squaring the resolvent defined by (jl.fij) . 



^ 2 = aE-^^) + at? E E xTTZ 



iVi 1V ; N? - x j£ \ ltI - X!,/ 

Using the first equation of motion (jB.l|) to substitute for Al f * Al in ()B.3 



iVi 1W N&tfXu-x m^Ki-xXxj-K 

But 

1 1 1 iV 2 , , , , 1 1 1 

Using (IB.2jl to substitute for Y^i^j Al p^i 7 in §SM > 

1 V 1 1 - N * W ( X ) W ( X ) + 1 V ^(A 2J ) 

iV?^A M -xA M -A 2iJ " iVl^^ + iV^^V-x 

~Jq <y< A 2jJ - x ^ A 2 ,/- A 2 / 
Next squaring w 2 (x) we write the last term in (|B.5|) as 



j 



Using (TR6j) and MJh in (IR4I) . 



J_ ^ ^(A 2J ) Af _ TV, _ 



But we can write 



and 

iVi^i ^ A 2 ,/ - x NiSi 5iS 2 iVi 
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where 

Putting (|B.9)1 and (|B.10|) in (|B.8J) and discarding the j^w'^x) terms in the large N limit gives the 
quadratic equation 

S\wi(x) 2 + S 2 w 2 (x) 2 — SiS 2 wi(x)w 2 (x) + SiW[(x)wi{x) 

+S 2 W^x)w 2 (x) + + f 2 (x) = 0. (B.12) 

Repeating a similar procedure as above starting with w\(x) 2 w 2 (x) one obtains the cubic equation 

S 2 S 2 w x {xfw 2 {x) - S 1 S 2 w 1 (x)w 2 (x) 2 + S 2 w x {xfW[{x) + S lWl (x)W{(x) 2 + f\(x)W[(x) 

- 9l (x) - S 2 w 2 (xfW^(x) - S 2 w 2 {x)W^{x) 2 - f 2 (x)W>(x) + g 2 {x) = 0, (B.13) 

where 

( s Sift V ^(x)-^(A 17 ) _ gjg 2 ^ gg(x) - V^Agi) , . 

91{X> ~ N,N 2 jj (A v - A v )(s - A v )' M J " iViiV 2 ^ (A v - A M )(x - A v )' lC - i4j 

C The polynomials p(x) and 

Here we prove that the p(x) and q(x) that follow from the singular parts of the quantum resolvents 
given by (|2.5()j) are indeed polynomials and their expressions are given. First the polynomial p(x) 
is easily constructed. Using the decomposition given in ()2.40j) with ()2.41|) and (J2.49J1 in (j2.27j) gives 

p(x) = y (x 2 - e 2 ) (g + {x)g_{x)A{x 2 ) 2 - x(g + (x) - g.{x))A{x 2 )B{x 2 ) - x 2 B{x 2 ) 2 ) (C.l) 
But (g32D gives 

{x 2 -e 2 ){g + {x)g.{x))=x 2 - < ^ r and (x 2 -e 2 )(g + (x) -g-{x)) = 2-^{e 2 - a 2 )(e 2 - b 2 ). (C.2) 



e 2 



Moreover, (|2.47|) gives 



^{e 2 -a 2 ){e 2 -b 2 )= l -{ab-^). (C.3) 



Putting jnHJ) and (Q in (jTHll . 

S* 2 f , a 2 b 2 , . , Os0 ,e 3 ab 



p(x) = ^ ((x 2 - ^)A(x 2 ) 2 + {\ - -)x 2 A(x 2 )B(x 2 ) - (x 4 - e 2 x 2 )B(x 2 ) 2 ) . (C.4) 

On €■ (10 G- / 

For we start with (|2.50J) in (|2.28J) which gives 



i 



3 



g(x) = - e 2 ) [[-g + {x)g.{x){g + {xY + s_(x) 2 ) + x{g + {xf - 0_(x) J ) ) A(x 2 ) 
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+3x(^g + (x)g-(x)(g+(x) - 9 -{x)) + x(g + (x) 2 + <?_(x) 2 )) A(x 2 ) 2 B(x 2 ) 
+3x 2 (2^g + (x)g4x) + x(g + (x) - g.{x)))A{x 2 )B{x 2 ) 2 



-x 3 {-{g + {x) - g„{x)) -2x)B{x 2 ) 3 



(C.5) 



After some algebra involving g±(x) and also making use of the constraint given by ()2.47j) . we obtain 



q(x) 



6^ 



2U2 



(3 



a 2 b 



e 3 )x 2 + 2 



a 3 b 3 



+3((^ 



e 

a 2 6 2 

, + 

ab e 



A(x 



2\3 



2 7,2 



4 -2a6ex 2 )A(x 2 ) J B 



2\2 



3 2x 4 



2x fc 



,a 2 6 



a 2 6 2 



e 2 )x 2 ^)A(x 2 ) 2 B(x 2 



-3e 2 )x 4 5(x 2 ) 3 . (C.6) 



Thus the quantum resolvents indeed produce polynomials p(x) and in terms of two other even 
polynomials A(x 2 ) and B(x 2 ) which are specific to the tree level superpotentials Wi(x) and W 2 (x). 



D Locations of branch points 

Here we give explicit expressions for the locations of the branch points and the imaginary constant 
parameter e for the example of symmetric quadratic tree level superpotentials we discussed at the 
end of Section |21 First (J2.47J) gives 



e 8 - 6a 2 6 2 e 4 + 4aV(a 2 + b 2 )e 2 - 3a 4 fc 4 = 0. 



:d.ii 



Putting dHH) in (ITXT 



m 



m 



27^-a 4 fe 4 - 18^-aV - 4^- (a 2 + 6 2 ) - 1 = 0. 



m 



2 , i,2> 



a< 



a 1 



a 



(D.2) 



Finally, solving ()2.63|1 and (jD.2|) simultaneously and remembering that the phases and magnitudes 
of ±a and ±6 are such that b > a > 0, we obtain 



\ 



S a 2 /2 a 4 a 2 S 



3 m 4 



>1^1_ /l^l S a6S 
m 2 V 9 m 8 3 m 7 



and 



\ 



5 a 2 2 a 4 a 2 S S 2 /4 a 8 8 a 6 S 
9- + ^7 + 1 -— r + 18— + 81— -*/-— + -- 



3 m 4 



9 m 8 3 rrv 



Putting (ITX3J) and (ITXIj) in (|2~HT|l . we also obtain e, 



(D.3) 



(D.4) 



a- 



(Y> 



24- 



a 2 S 



(D.5) 
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Note that a, b and e are all completely determined in terms of the parameters of the theory m, a 
and S through (jD.3|) . (jD.4|) and ()D.5|) . The locations of the branch points ±a and ±6, the branch 
cuts, and the pure imaginary constant e are schematically shown in Figure d As the parameters 
a/m and S/m are increased, the branch cuts and the imaginary parameter e get further away from 
the origin. 

—Im(x) 




Figure 1: The three sheets, the two branch cuts, and e. The branch points are ±a and ±6. The cuts are on 
the real axis of x and the one across [a, b] is for w±(x) and it joins the first and the second sheets, the cut 
across [—b, —a] is for w<z{x) and it joins the second and the third sheets. The constant e is pure imaginary and 
its relation to a and b is given by (|2.&1|) . 



E Quantum resolution functions 

Here we write down the functions that describe the quantum resolution of the classical singularities 
of the Calabi-Yau geometry for the simple example of symmetric quadratic tree level superpotentials 
we applied our results at the end of Sectional First p(x) and q{x) are obtained using A, e, a and b 
found in (12HUJ) . (JXKT|) . (|TX3|) and flUl in (I23TJ) and (1232J) . 

p(x) = ^-m 2 x 2 + \a 2 , (E.l) 
o 9 



q(x) = -^=y« 3 (a 2 + QmS)(a + 2Va 2 + QmS) x 2 - —a 3 . (E.2) 

Putting (USED, dEH) and (jEl in (gUj) and (f2~TT]l. we obtain 

/(x) = 0, (E.3) 

= (5am 2 ^Ja 3 {a 2 + 6mS)(a + 2Va 2 + 6m5) )x 2 - —a 3 . (E.4) 

\3 3v3 / 27 
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